MINI- WALLS FOR BRIDGELAND STABILITY CONDITIONS ON 
THE DERIVED CATEGORY OF SHEAVES OVER SURFACES 



JASON LO AND ZHENBO QINt 

Abstract. For the derived category of bounded complexes of sheaves on a 
smooth projective surface, Bridgeland |Bri2) and Arcara-Bertram [ABLj con- 
structed Bridgeland stabihty conditions (Z^, Vm) parametrized by m € (0, +00). 
In this paper, we show that the set of mini-waUs in (0, +00) of a fixed numer- 
ical type is locally finite. In addition, we strengthen a result of Bayer |Bay| by 
proving that the moduli of polynomial Bridgeland semistable objects of a fixed 
numerical type coincides with the moduli of (^m, 'Pm)-semistable objects when- 
ever m is larger than a universal constant depending only on the numerical type. 
We further identify the moduli of polynomial Bridgeland semistable objects with 
the Gieseker/Simpson moduli spaces and the Uhlenbeck compactification spaces. 



1. Introduction 

Since the appearance of Bridgeland's seminal work |Brilj . there have been in- 
tensive investigations of Bridgeland stability conditions on triangulated categories, 
which can be viewed as a mathematical approach to understand Douglas' work 
[Dou] on H-stability for D-branes in string theory. Bridgeland stability condi- 
tions for smooth projective curves were classified by Macri [Macj and Okada jOkaj . 
Bridgeland stability conditions on smooth projective surfaces were constructed 
by Bridgeland |Bri2] and Arcara-Bertram |ABL] . and the topology of the stability 
manifolds for generic K3 categories was obtained by Huybrechts, Macri and Stellari 
[HMS J. Toda |Tod2] studied Bridgeland stability conditions for Calabi-Yau fibra- 
tions. A gluing procedure for Bridgeland stability conditions was found by Collins 
and Polishchuk |CPj . In another direction, Bayer [Bay] (see also Toda |Tod3] ) 
defined polynomial Bridgeland stability for normal projective varieties of any di- 
mension. The polynomial Bridgeland stability may be viewed as the large volume 
limit of the Bridgeland stability. The moduli stacks of Bridgeland semistable ob- 
jects were investigated in |Inat ILiet ITodlj . while the moduli stacks of polynomial 
Bridgeland semistable objects were investigated in [Lolt ILo2| ILo3t LQ| . 



The concepts of walls and chambers for Gieseker stability were introduced in 



Qin and played an important role in understanding Donaldson polynomial invari- 
ants of certain surfaces. Walls and chambers in the space of Bridgeland stability 
conditions are closely related to the wall-crossing phenomena discussed by Kont- 
sevich and Soibelman |KS] . Let X be a smooth projective surface, and let V^{X) 
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be the derived category of bounded complexes of coherent sheaves on X. When 
X is a K?) or abehan surface, Bridgeland |Bri2] proved that the set of walls in the 
space of Bridgeland stability conditions on V^i^X) is locally finite. Whether the 
same conclusion holds for a general surface X remains to be open. 

In this paper, we analyze the set of mini- walls and mini-chambers in the space of 
Bridgeland stability conditions. To state our results, we introduce some notations 
and definitions (see Notation 12.51 and Definition 13.21 below for details). The nu- 
merical type of an object E G V^i^X) is defined to be i{E) = (rk(i?), ci{E), C2{E)). 
Fix f3,u E Num(X)Q with co being ample, and fix a numerical type t = (r, ci, C2). 
Bridgeland |Bri2j and Arcara-Bertram |ABLj constructed Bridgeland stability con- 
ditions (ZmyVm) parametrized by m G (0,+oo). Regard (0, +00) as a subset in 
the space of Bridgeland stability conditions. Then walls and chambers in (0, -|-oo) 
are referred to as mini-walls and mini-chambers of type {t,P,u). 

Theorem 1.1. Let (3,u & Num(X)Q with u being ample, and let t = (r, ci,C2). 

(i) The set of mini-walls of type (t, /3,a;) in (0, -|-cxd) is locally finite. 

(ii) There exists a positive number M, depending only on t,u and (3, such that 
there is no mini-wall of type {i,P,uj) in [M, +00). 

Theorem [TTT] has been observed in the special case considered in Sect. 4 of |ABLj . 
Moreover, Theorem 11.11 (ii) strengths the Proposition 4.1 in Bay] (see Lemma [2.61 



below). In fact, we prove in Theorem 14.41 that whenever m > M, an object 
E G P^(X) with t{E) = t is (Z^, 'Pm)-semistable if and only if E is {Z^.Vq)- 
semistable. Here VL = {u,p,p,U) is the stability data from Subsect. 12. 2^ and 



(Zq^Vq) denotes the polynomial Bridgeland stability constructed in [Bay . 

The main idea in proving Theorem 11.11 (i) is to find an upper bound for rk(A) 
if A defines a mini-wall of type {t,l3,u) and if the mini-wall is contained in an 
interval I = [a, +00). This upper bound is universal in the sense that it depends 
only on / and (t, /3, u). Combining this idea with an expanded version of the proof 



of the Proposition 4.1 in Bay] also leads to the proof of Theorem ll.il (ii). 



Next, we classify all the polynomial Bridgeland semistable objects in terms 
of Gieseker/Simpson semistable sheaves. Let Tln{t) be the set of all {ZQ,Vn)- 
semistable objects E G ^^((0, 1]) with t{E) = t. Let 9Jti^(t) be the moduli space of 
sheaves E G Coh(X) which are Simpson-semistable with respect to u and satisfy 
t{E) = t. For r > 0, define 9Jta;(t) be the moduh space of locally free sheaves E 
which stable and satisfy t{E) = t, and define to be the Uhlenbeck 

compactification space associated to u and t. The case when r = is covered by 
Lemma [2.101 and Lemma [2.111 For r 7^ 0, we have the following. 

Theorem 1.2. Let Q = {uj,p,p,U) be from Subsect. \2.2[ Fix a numerical type 
t = (r, ci, C2). Let t = (— r, Ci, — C2). Assume that u lies in a chamber of type t. 

(i) lfr>0, then Mnii) = m^{t). _ _ 

(ii) //r < and Ciu/r < (5uj, then ^o(t) = ^^(i). 

(iii) //r < and Ciu/r = Pu, then M^it) = iL(t)- 
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We therefore have a complete description of the moduh spaces of (Z^, Vq)- 
semistable objects on every smooth projective surface. In view of Theorem 14.4^ 
we obtain a complete description of the moduli spaces of semistable objects with 
respect to certain Bridgeland stabilities on a smooth projective surface. We remark 
that similar results in the context of Bridgeland stability have been observed and 
studied by Kawatani |Kaw] . Ohkawa [ Ohkj and Toda |Todl] . Similar results in the 
context of polynomial Bridgeland stability have also appeared in Sect. 5 of |LQ 
which only considered objects E E for those stability data Q = {u, p,p, U) such 
that p = (po,Pi,P2) satisfies 0(po) 7^ 0(~P2)- However, in our present situation, 
we have 0(po) = 0(— P2) since po = —1 and p2 = 1/2. 

This paper is organized as follows. In Sect. 2, we recall the constructions of 
Bridgeland, Arcara-Bertram and Bayer. Theorem 11.11 (i) and (ii) are proved in 
Sect. 3 and Sect. 4 respectively. In Sect. 5, we verify Theorem ll.2[ 

Conventions: The i-th cohomology of a sheaf ii^ on a variety X is denoted by 
H\X,E), and its usual dual sheaf 'Hom{E,Ox) is denoted by E*. The derived 
category of bounded complexes of coherent sheaves on X is denoted by V^{X). 
The i-th cohomology sheaf of an object E G V^{X) is denoted by W{E), and the 
derived dual of E is denoted by E"" = WHom{E, Ox) e V\X). 

Acknowledgment: The authors thank Professors Jun Li and Wei-Ping Li for 
valuable helps and stimulating discussions. 

2. Preliminaries 

2.1. Constructions of Bridgeland and Arcara-Bertram. 

Let X be a smooth complex projective surface. 

Definition 2.1. Let oj G Num(X)]R be ample, and let f G M. 

(i) Define T[uj,v) to be the full subcategory of Coh(X) generated by torsion 
sheaves and torsion free p^-stable sheaves A with Pu){.A) > v. 

(ii) Define J-'{u),v) to be the full subcategory of Coh(X) generated by torsion free 
Poj-stable sheaves A with Pcj{A) < v. 

(iii) Define A^^^^^-^ to be the abelian category obtained from Coh(X) by tilting 

at the torsion pair (7{u),v),J^(u),v)), i-e., ^(^^) consists of all the objects 
E G V^{X) satisfying the conditions: 

n~\E) e n\E) eTiu.,,), n\E) = oioTt^-i,o. (2.1) 

The following lemma will be used in Case 3 in the proof of Lemma 14.31 below. 

Lemma 2.2. Let Q be a {)- dimensional torsion sheaf, and C G 7luj,v)- If Q sits in 
an exact sequence 0— t-^— t-C— t-Q— j-O of coherent sheaves, then Q G T(uj,v) ■ 

Proof. Let Tor(C) denote the torsion subsheaf of C. Let 

Tor(C) = Co C Ci C . . . C C„ = C 
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be the usual HN-filtration of C with respect to Let /ij = /i^(Cj/Cj_i). Then 
for i = l,...,n, the sheaf Ci/Ci^i is torsion free and /i^-semistable. Moreover, 
fii > . . . > fin- By the definition of T(ui,v), > ■ ■ ■ > fin > v. For i = 0, 1, . . . , n, 
let Qi and Qi be the kernel and image of the induced map Ci — )■ Q respectively. 
Then = QiH Cj_i. The injection — )■ Qi/Qi-i — > Ci/Ci^i implies that Qi/Qi-i 
is torsion free. Also, we have commutative diagram of sheaves 
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Since QijQi-i is torsion free and Qi-i is torsion, we get an exact sequence 

^ Qi/Qi-i ^ Ci/C,_i ^4^0 

where Qi is a 0-dimensional torsion sheaf. Thus, liuiQilQi^i) = ji^iiCi / Ci-i) = 
Hi > V, and Qi/Qi-i is /i^-semistable. Hence 

Tor(6;) = gocgic ...cgn = G 

is the usual HN-filtration of Q with respect to /ioj, and Q G T[uj,v)- D 
Let u G A/'(X) ®z C. Define the charge on V\X) by 

= - /" u-ch(E). (2.2) 

The following lemma is due to Bridgeland [Bri2j and Arcara-Bertram [ABLj . 

Lemma 2.3. Let u = e^^^^"^-* where (3,uj E Num(X)K and to is ample. Then 
{Zu, -^l^^ l^^-j) induces a Bridgeland stability condition (^u;^u) on V''{X). 

2.2. Polynomial stability and large volume limits. 

Let fl = {u,p,p, U) be the stability data defined by the following: 

• a; G Num(X)]R is ample, 

• P = (Po,Pi,P2) with Pi = -{-iY/dl, 

• p : {0, 1, 2} — )■ Z is the perversity function p{d) = — [d/2\ , 

• U = for some (3 G Num(X)K. 
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Let Zq, : K{V\X)) = K{X) C[m] be the central charge defined by 

2 

Zn{E){m)= I ^pdu'^m'^ ■c\i{E)-U = - I e-(^+^'^"^) ■ ch(E). (2.3) 

JX ^^Q Jx 

By [Bay] , ZQ{E){m) induces a polynomial stability condition {Zq^^Vq) on 

Lemma 2.4. (Lemma 4-2 in [Bay] j We have "^^((0,1]) = A^^^ ^^^y In fact, if 
E G "^^((0, 1]) C V^{X) is {ZQ,Vn)-semistahle, then E is one of the following: 

(i) E is a torsion sheaf; 

(ii) E is a torsion free n^i-semistahle sheaf with n^i^E) > (3u. 

(iii) 1-L~^{E) is a torsion free fi^-semistable sheaf with fi^iTi'^ (E)) < (3u, 'HPi^E) 
is a {]- dimensional torsion, and all other cohomology sheaves of E vanish. 

Notation 2.5. Fix u = e~^'^+''^l Put u„ = e-(^+*'"^) and 

ZUE) = Z^JE) = - [ e-^^+'^^^ ■ ch(E) = Zn{E){m). 

Jx 

Let {ZmjVm) denote the Bridgeland stability condition on V^{X) induced by Z^- 

Lemma 2.6. (Proposition 4-i in |Bay| j Let notations be as above. Assume further 
that u G Num(X)Q. Then, an object E G V^{X) is {Zfi,Va,)-semistable if and 
only if E is {Zm,'Pm)-semistable for m ^ 0. Moreover, for an arbitrary object 
E G V^{X), the HN-filtration of E with respect to {Zq,Vq) is identical to the 
HN-filtration of E with respect to {ZmiVm) for m ^ 0. 

Definition 2.7. For E G define its numerical type t{E) by 

t(E) = (rk(E),ci(E),C2(i?)). (2.4) 

Remark 2.8. A straight-forward computation from (12.31) shows that 

2 

Zn{E){m) = Tk{E)u^ ■ — + i{ci{E) ■ co - rk(E) f3uj)m + c{E) (2.5) 

where 

c{E) = -ch2{E) + ci{E) ■ P - ik{E) • Y e M. (2.6) 

It follows that ii E,B G Pf7((0, 1]) = A\^^p^^ and m > 0, then (t)[Zn{E){m)) > 
(f)(^Zfi{B){m)) is equivalent to lm(^Zfi(E)(m) ■ ZQ(B)(m)^ < 0, i.e., 

^{rk{E) c,iB)oj - rk(fi) c^iE)iu) 
< c{B) (ci {E)uj - Tk{E) f3uj) - c{E) (ci {B)uj - rk(B) /Soo) . (2.7) 
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2.3. Moduli spaces, walls and chambers. 

Definition 2.9. Let notations be as above. Fix a numerical type t = (r, ci, C2). 

(i) Let E e Vn{{0, 1]) = A\^^^^^ be (Z^, Pn)-semistable, and let 

= ^0 C ^1 C . . . C En-i CEr, = E 
be the Jordan-Holder filtration of E. Define 

n 

Gr(E) = 0E,;/E,_i. (2.8) 

i=l 

Two (Zf7, PQ)-semistable objects Ei,E2 G ^^((O,!]) are defined to be 5- 
equivalent if Gr{Ei) ^ Gt{E2). Define ^^(t) to be the set of all {Zn,Vn)- 
semistable objects E G "^^((0, 1]) with t(-E') = t modulo S'-equivalence. 

(ii) For m > 0, define the S-equivalence with respect to {Zm,Vm) in a similar 
fashion as in (i), and define DJlu^ii) be the set of all (Z^, Pm)-semistable 
objects E G A^^^ with i{E) = t modulo S'-equivalence. 

(iii) Let 071^^(1) be the moduli space of sheaves E G Coh(X) which are Simpson- 
semistable with respect to u and satisfy t(-E') = t. 

(iv) For r > 0, define OJt^(t) be the moduli space of locally free sheaves E 
which are /i^j-stable and satisfy i{E) = t. Define ilui{t) to be the Uhlenbeck 
compactification space associated to u and t. 

Lemma 2.10. Let t = (0,0, n) where n G Z>o. Then, all the spaces £01^(1), 
2?tu™(t) and 9Jlt^(t) are identified with the symmetric product Sym"(X). 

Proof. For 371^^(1), this follows from the fact that every 0-dimensional torsion sheaf 
is generated by the skyscraper sheaves Ox^x G X via extensions. For 9Jlf7(t) 
(respectively, 9Jlu„i(t))) note that every skyscraper sheaf Ox G Pn((0, 1]) has phase 
1 and is (Z^, Pf7)-stable by |Bay| (respectively, (Z^, 'Pm)-stable by |Bri2j ). □ 

Lemma 2.11. Let Q = {uj,p,p,U) be from Subsect. \2M with U = e'^^^^. Let 
t = (0, Ci, C2) with ci ^ 0. Then, 9Jln(t) is identified with 

Proof. We may let Ci > 0. By the proof of Lemma 4.2 in |Bay| , if G Wln{t) is 
(Zq, PQ)-semistable, then E G 2Jl^(t) is Simpson-semistable with respect to u. 
Conversely, let E G 9?taj(t) be Simpson-semistable with respect to u. Note that 

x{E0Oximu)) = (cia;)m + (ch2 - ci/3) (2.9) 
Zn{E){m) = z(cia;)m - (ch2 - Ci/3) (2.10) 

where /3 = Kx/2 and ch2 = c^/2 — C2. Let A be any proper sub-object of E 
in Pn((0, 1]) = "^(^^^), and let B = E/A. Then we have the exact sequence 
— )■ A ^ E — > 5 — )■ in Pn((0, 1]). Thus, A is a sheaf in T{uj,i3uj) sitting in 

^n-\B) ^ A^ E ^n\B) ^0. (2.11) 

If n-\B) = 0, then A is a proper subsheaf of E. By fl^ . 

(ch2(A) - c,{A)f3)/{cMP) < (ch2 - cif3)/{c,u) 
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since E is Simpson-semistable with respect to u. By (I2.10p . 0(Zn(-E')(m)) > 
(j){Zn{A){m)) for all m > 0. Assume that ■H-\B) ^ 0. By (|2TI|) . we ob- 
tain Tk{A) = rk(?^-i(S)) > 0. So we conclude from that 0(Zn(^)(m)) > 
(j){Zn{A){m)) for m > 0. Therefore, E G ^^(t) is (Zq, PQ)-semistable. □ 



Definition 2.12. (see LQ| ) Let Cx C Num(X)iR be the ample cone of the smooth 



projective surface X. Fix a numerical type t = (r, ci, C2) on X. 

(i) For a class G Num(X) ® M, we define 

iy? = Cxn{aGNum(X)K| a-^ = 0}. (2.12) 

(ii) Let W(t) be the set whose elements are of the form W^, where ^ is the 
numerical equivalence class {rF — sci) for some divisor F and some integer 
s with < s < |r| satisfying the inequalities: 

2 

- J (2rc2 - (r - l)c?) < < 0. (2.13) 

(iii) A wall of type t is an element in VV(t), while a chamber of type t is a 
connected component in the complement Cx — VV(t)- 

It is well-known that the set W(t) of walls of type t is locally finite, i.e., given a 
compact subset K of Cx, there are only finitely many walls W of type t such that 
W n K ^. In addition, ^ defines a wall of type t if and only if it defines a wall 
of type (f, ci, C2) where f = — r and 1 -|- Ci + C2 = (1 -|- Ci -|- C2)~^ G A*{X). 

Fix t = (r, Ci, C2) with r > 0. Then the Simpson-semistability is the same as the 
Gieseker-semistability. If ui and 002 are contained in the same chamber of type t, 
then DJl^j^{t) = DJl^^{t). If co is contained in a chamber of type t, then E is /i^j-stable 
whenever it is /i^-semistable and t{E) = (r, 01,02) with < C2. In this case, 

iL(r,ci,C2) = 9Jt,(r,ci,c'2) x Sym'^^-^K^)- (2-14) 

It was proved in [Lill ILi2[ IMor] that itt^(t) is a projective variety. 

3. Locally finiteness of mini-walls of a fixed type 

In this section, we define and study the mini-walls of a fixed type {t,P,u) for 
Bridgeland stability conditions. We will prove that the set of the mini-walls of a 
fixed type (t, /3, oj) is locally finite. 

Definition 3.1. Let a be a Bridgeland stability condition on D^{X). Let 

= Eq C El C . . . En-l C En = E 

be the HN- filtration oi E & V^{X) with respect to a. We define Ei to be the 
leading HN-filtration component of E with respect to a. 

Definition 3.2. Let u = e-(^+"^) with u being ample. Fix a numerical type 
t = (r, ci, C2), and fix a subset / of (0, -|-oo). 
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(i) A mini-wall of type (t, /3, u) in I is a number rriQ G / such that 

where E G 93Tu„j (t) for some nii E I, E ^ ^u„2 (^) fo^ some m2 G /, and 
A is the leading HN-filtration component of E with respect to {2^2, 'Pm2)- 

(ii) A mini- chamber of type (t, (3, u) in I is a connected component of 

/ — {m| m is a mini- wall of type (t, /3, in /}. 

Remark 3.3. (i) Unlike Definition 12. 121 (iii) . our definitions of mini-walls and mini- 
chambers depends on subsets / of (0, -|-oo). These dependences are consistent with 
the Proposition 9.3 in |Bri2j where when X is a K3 surface, walls and chambers 
are defined for compact subsets in the space of Bridgeland stability conditions. 

(ii) Let Ji C /2 C (0, +oo). If m is a mini-wall of type (t, (3, u) in Ji, then m is 
a mini-wall of type (t, /3, u) in I2. However, the converse may not be true. 

(iii) Let t = (0,0,C2), and let / C (0, -|-oo) be connected. By Lemma r2.10[ all 
the spaces OJtu™(t) with m > are identical. Hence no mini-walls of type {i,l3,u) 
in / exist, and the only mini-chamber of type (t, /3, u) in J is / itself. 

Lemma 3.4. Let (L he a mini-chamber of type (t, /3,Ci;) in I. Ifmi.m^ G then 

M„,„^(t)=M„„^(t). 

Proof. By symmetry, it suffices to show that ii E E 9Jlu,^_^(t), then E G "^^i^^ii). 
Assume that E ^ 9?tum (t)- Let A be the leading HN-filtration component of E 
with respect to (Z„2,'P„J. Then ^(^^^(A)) > ^(^^^(E)). Since E G ajtu„^(t), 

we have 0(Zm2(^)) < 0(-^m2(-^))- Since €, is connected, 0(Zmo(^)) = 4>{Zmo{E)) 
for some tuq G €. Thus by definition, ttlq is a mini-wall of type {t,f3,u) in /. This 
is impossible since the mini-chamber C can not contain any mini-wall. □ 

Lemma 3.5. Let tu G Num(X)]g be ample, and let v eM.. Let E G -^^^^y 

(i) Let f : Ti^i^E) B be a surjection in Coh(X) with ker(/),i? G T(uj,v)- Then 
in -^^^^y there exists an exact sequence of the form 

O^A^E^B^O. (3.1) 

(ii) Let g : A ^ Ti^^^E) be an injection in Coh(X) with A,cokeT{g) G J^(uj,v)- 
Then in ^i^^^y there exists an exact sequence of the form 

^ A[l] E ^ B ^0. (3.2) 

Proof. Since (ii) can be proved similarly, we will only prove (i) below. To prove (i), 
note from Definition O that 7^^,„) C Al^^^y So kei { f ), n%E), B e C A\^^^y 

It follows that the exact sequence ker(/) T-L^{E) B ^ in Coh(X) is 
an exact sequence in ^(^j^,)- In particular, we have a surjection T-i^{E) B in. 
•^(uivy Composing with the surjection E — )■ 'H^(E), we obtain a surjection E ^ B 
in X. Letting A be the kernel oi E ^ B in A^r^., we obtain (13. ip . □ 
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Lemma 3.6. Let u G Num(X)K he ample, and let f G M. 

(i) IfEe A\^^^y then Ci{E)co > ik{E)v. 

(ii) Fix a numerical type t = (r, ci, C2). Let {En}n=i be a sequence of objects in 

ssume that for each n, there exists an exact sequence 

-^[lo-u)- Then, lim„^+oo Ci(A„)c<;/rk(y4„) = v z/ lim„^+oo rk(^n) = 00, 
and lim„^+ooCi(S„)u;/rk(S„) = v z/lim„_^+oork(5„) = 00. 

Proof, (i) Note that every E G ^-^ sits in the exact sequence 

Q ^H-\E)[l]^ E ^H'^^E) (3.3) 

in A\^^^y Since l-i-^{E) G and n^{E) G 7^<^,„), we have Ci{U-^{E))uj < 

ik{H-\E))v and Ci{H\E))uj > ik{H\E))v. So Ci{E)uj > Tk{E)v. 

(ii) Since the second statement can be proved similarly, we will only prove the 
first statement. Assume that lim„^+oo i'k(A„) = 00. By (i), we have ci{An)u} > 
rk(A„)t> and Ci{Bn)u > rk(_B„)t'. Therefore, we conclude that 

rk(y4„)t> < Ci{An)uj = CiU — Ci{Bn)uj < CiOJ — rk(i?„)t> = (ciw — rv) + rk(A„)f . 

Since limn^+oo rk(y4„) = 00, it follows that lim„_^+oo ci(An)ci;/rk(yl„) = v. □ 

Lemma 3.7. Let a,w G Num(X)]R with u being ample. 

(i) If c < a ■ UJ < d, then o? < max{c^, d'^}/ui'^. 

(ii) Let B be a torsion free fi^^-semistable sheaf. If c < ^ui{B) ^ d, then 
c{B) I rk(i?) is bounded from below by a constant depending only on c,d,u, P . 

Proof, (i) Write a = au + p with p ■ u = 0. Then, a = {a ■ u)/u^. By the Hodge 
Index Theorem, we have < 0. It follows that 

= a^cu^ + < a^w^ = {a ■ ujf/uj'^ < max{c^ d'^j/oo'^. 

(ii) Since c < Pui{B) < d, we obtain the inequalities 

By the Bogomolov Inequality, ch2(5) < Ci(5) 7(2 rk(5)). By (EJ]), 

c{B) ch,{B) c,{B) fc,{B) y 

Tk{B) Tk{B) Tk{B) ^ 2-2 \ik{B) ^) ■ 

Now our conclusion about c{B)/ik{B) follows immediately from (i). □ 

Proposition 3.8. Let u = e"*^^^*"^-* with to being ample and /3,uj G Num(X)]K. Fix 
a numerical type t = (r, Ci, C2) and an interval I = [a, +00) with a > 0. Then there 
exists a positive number N depending only on i, (3, co and I such that ik(T-L^{E)), 
rk{H~^ (E)) < N whenever E G 9Jlu„(t) for some m E I . 
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Proof. Since rk('H~^(£')) = Tk(7i^{E)^ — r, it suffices to prove the lemma for 
rk('H°(i?)). Assume that such an does not exist for rk('H°(i?)). Then there 
exists a sequence of objects En G 2Jtu™„ (t); = 1) 2, . . ., with m„ G / for all n and 
lim„^+oo rk(7/''(i?„)) = +oo. Replacing by a subsequence if necessary, we may 
further assume that lim„_j,+oo "n^n = rriQ (possibly +oo). 

To draw a contradiction, let A„_o = 'H^{En) and An^i = 'H~^{En)- Then we have 
the exact sequence — )■ y4„^i[— 1] En ^ An,o — in A^^^ ^^^y By Lemma [3l6] (ii) . 

lim„^+oo/^a;(^n,o) = P^^- Let Fn = A„,o/Tor (y4„,o) , and let . . . , F^f"^ be the 
usual HN-ffitration quotients of F„ with respect to yU^j such that fiuj{Fn^) > . . . > 
l^u {Fn"^) . Then Fn^\ . . . , Fi^""* are torsion free and /i^j-semistable. Moreover, /3uj < 
f^uj{Fn"^) < /i<^(-F„) < fiuj{An,o). Thus lim„^+oo/i<^(-Fi^"'') = In particular, for 
0, we have /^w < i^u){Fn"^) < (3uj + e„ where {en}n>o is a sequence of positive 
numbers with lim„^+oo = 0. By the proof of Lemma [3771 

ci^"^)^l(^X^i (3.4) 



rk(Fi'")) - 2 \^rk(Fi'")) y/ " 2a;2 

On the other hand, by Lemma [375] (i), there exists a quotient En — )■ -F^^"'' — )■ 
in ^((^^^). Since En E 9Jlu^„(t), we see from (12.71) that 



(rci(F^'"))a;-rk(F^^"))cia;) 



2 

> c(Fi^")) (ciw - r - c(t, /3) (ci(Fi^"))a; - rk(Fi'")) (3u) 

where c(t, /3) = c{En) depends only on t and (3. By Lemma [376] (i), ciu — r f3u > 0. 
If ciu — r f3u = 0, then the phase of En with respect to every charge Zu^,m > is 
equal to 1. So G 3Jtu„ (t) for all ri, m > 0. In view of Lemma [276] and Lemma [27i] 
this contradicts to lim„_5.+oo rk('H°(-E'„)) = +oo. Thus ciu — r I3uj > and 

rk(Fi^"^) ~ 2 ciw — r/3a; ' Ciw — r/3w 

Combining this with (13 ■4p . we conclude that 

oj'ml r/i^(F^)) - ecu ^ /i.(F^^) - ^to ^ el 



Recall that lim„_>+oo Aiaj(-Fl^"'') = fiu and lim„_j,+oo = mo > a > 0. Letting 
—7- +00, we see that > which is impossible. □ 

Lemma 3.9. Let u = e^*-^^*'^-' with to being ample and /3,uj G Num(X)K. Fix a 
numerical type t = (r, Ci, C2) and an interval I = [a, +00) with a > 0. Then there 
exists N depending only on t, P, u and I such that |rk(y4)| < whenever 

• A is {Zm2,'Pm2)-s^™sto,ble for some m2 G /; 

• A is a proper sub-object of certain object E G A^^^ with t{E) = t; 
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• A destablizes E with respect to {Zm^.Vmi)', 

• (t){Zmo{A)) = (l){Zmo{E)) for some mo e I. 

Proof. Assume that our statement is not true. Then there exists a sequence of 
sub-objects C En{n = 1,2,...) in ^(^^^^) such that hm„_j,_|_oo rk(^n) = ±c>o, 
i{En) = t. An is (Zm,2_„, 'Pm2,„)-semistable for some m2,n £ I, An destabhzes En with 
respect to (^'^a,,,, 'Pm2,„), and (f)[Z„,g ^{An)) = 4>{Z„,^^XEn)) for some mo,n e /. We 
may assume that hm„_5.+oo rrii^n = (possibly +00) for i = 0,2. Define 

d{t, (3, u, An) = c{An) [ciu — r I3u) - c(t, 13) {ci{An)u - rk(A„) I3u) (3.5) 

where c(t, (3) = c{En) depends only on t and (3. Since 4>{Zm^^ ^ (An)) = 0(^mo,„ (En)) 
and 0(Zm2,„(^n)) > (/'(^m2,„ (-£■«)), we see from (I2?7D that 



u'^rriQ n 

— Y^{rci{An)uj-Tk{An)ciu) = d{t,P,u,An), (3.6) 

— ^-^[rci{An)u-Tk{An)ciu) > d{t,f3,u,An). (3.7) 

Since En is not (Zm2,„, 'Pm2,„)-semistable, we must have 0(Zm2,„(-E„)) < 1. So 
cio; - r (3uj > 0. This in turn implies that (j)[Znio „{An)) = (/)(Zmo,„(-En)) < 1- 
Therefore, Ci{An)uj — Tk{An)f3u > 0. In summary, we obtain 

cicu - r /3w > 0, ci{An)uj - rk{An)(3u > 0. (3.8) 

By Lemma 13.61 (ii), lim„_j.+oo yUw(^n) = f3uj. Dividing both sides of (13. 6 p by 
Yk{An) {ciUJ — r I3uj) and using (13. 5p . we conclude that 

c{An) _ (^^mln rij,^{An) - CiU fiujAn) - (3u 

Tk[An) 2 C\U — r pu) C\UJ — r puj 

Let A„,o = n\An), An,i = 'H-\An) and Fn = A„,o/Tor(A„,o). 

Case 1: lim„^+oo rk(y4„) = +00. Then lim„_!.+oo rk(y4„^o) = +00. Since An^i G 
we get ci(A„,i)w < rk(A„,i) (3uj. Since F„ G T(uj,0uj), 

R / (T7\^ (A \ Ci{An)uj + Ci{An,l)uJ 
PU < ^luj{Fn) < fJ-UAnfl) = 



< 



rk(A„,o) 

ci{An)u + Tk{An,i) l3uj ci{An)u + [rk(A„,o) - M^n)] /3uj 



MAn,o) rk(A 



n,0) 



= (3co + ^TT^ ■ (t^-(^n) - (3co) <(3co+ (/i^(A„) - (3u) = /i^(A„). 
rk(A„,o) 

So lim„_j.+oo fJ'ujiFn) = (3uj. Let Fn \ • • • , -Fi^"'' be the usual HN-filtration quotients 
of Fn with respect to /i^ such that /i^ (F^^^) > . . . > /i^ (#^) . Then F^^\ . . . , F^^"^ 
are torsion free and /i^^-semistable. Moreover, j3oj < fiuj{Fn"^) < l^u){Fn) < iJ.^{An). 
Thus \im.n^+oo l^uj{Fn"^) = /3uj, and /3oo < iJ.uj{Fn"^) < /3uj + e„ for n ^ where 
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{en}n>o is a sequence of positive numbers with lim„^+ooe„ = 0. As in (13 ■4p . 



e 



2 



> -TT^- (3-10) 



On the other hand, by Lemma [3.51 (i), there exists a quotient An m 
•^lto,M- ^^^^^ (2'm2„,'Pm2,n)-semistable, we have 



2™2 



uj m 



2,n 



(rk(A„) ci(Fi^"))a; - rk(Fi^")) ci(A„)a;) 



2 

> c(Fi^")) {cMn)uJ - rk(A„) - c(A„) (ci(Fi'^"V - rk(Fi^")) 
by (12. 7p . Since ci(y4„)(X' — rk(yl„) [iuj > 0, we obtain 



rk(Fi^"^) ~ Tk{An) fi^{An)~Pu 2 /i<^(A„)-/3u; 

2 ciw - r /3w fJ'LoiAn) - f3u 

where we have used (13.91) in the second step. Combining with (I3.10p . we get 



2a;^ 2 ciu — r /Sou — /3a; 

^ ^ ^^^^^^ ^^(Fi^"))-/3a; ^ ^^^^^^ 

2 - /3a; ' Ciu-r(]u ' 

Note that we may assume either mo,n < '"^2,n for all n or mo,n > ^2,n for all n. 
If mo,„ < '"^2,n for all n, then since fiuj{Fn"^) — fiui{An) < 0, we see from (13. lip that 

el ^ u^ml^ r/i^(A„) - cia; fi^{Fjf"^) - Pu 



2ijJ^ 2 cia; — r /3a; /iw(^n) — /3w 

2 /ia;(^n)-/3w ' CiU - T [^U 

2 cia; — r /3a; Cia; — r pu 

Letting n — )■ +oo, we obtain < — a;^mo/2 which is impossible since mo > a > 0. 
Similarly, if mo,n > "^2,n for all n, then r/i(^(y4„) — cia; < by (13. 6p and (13. 7p . 
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Therefore, we conclude from ( I3.1ip again that 



2iJ^ 2 ciLo — r /3uj — /Jw 

2 j^^{An) - Poo ' cioo-rPoo 

2 CiLO — r puj CiOJ — r poo 

Letting n — )■ +oo, we obtain < —uj'^m\/2 which is impossible since 1112 > a > 0. 
Case 2: lim„_^4.oo rk(A„) = —00. Then lim„_^+oo rk(y4„^i) = +00 and 

^ . ^ Ci{Anfi)uJ - Ci{An)uJ l]^{Anfi) PuJ - Ci{An)uj 
PU > ^ui\An^\) — —— > 



rk(A„,i) - rk(v4 



n,lJ 



[rk(A„,i) + rk(A„)]/3w-Ci(A„)w _ rk(A„) 

So lim„_j,+oo /^ij(^n,i) = Let . . . , Gn"^ be the usual HN-filtration quo- 
tients of An^i with respect to fi^ such that fiuj{Gn^) > . . . > ^uj{Gn'^''). Then Gn^ 
is torsion free and /i^j-semistable. Moreover, (iu > fiuj{Gn^) > /Uw(^n,i) > f^uj{An)- 

Thus lim„_^+oo/iaj(Gn'*) = Poj, and /Jo; > fiuj{Gn^) > /3a; — e„ for n ^ where 
{cn}n>o is a sequence of positive numbers with lim„_j.+ooen = 0. As in (13 ■4p . 

rk(G«)- 2.- ^^-^'^ 

On the other hand, by Lemma [23] (ii), there exists an injection — ?■ Gn^'^fl] — ?■ An 
in ^(^^^^^)- Since y4„ is (Z^j „, Pm2,„)-semistable, we have 



(rk(A„) ci(Gli))a; - rk(G«) Ci(A„)a;) 



2 

< -c(G«) (ci(A„)a; - rk(A„) /3lo) + c(A„) (ci(G«)u; - rk(G«) /3u;). 
by (12. 7p . Since ci{An)uj — rk(74„) f3ijj > 0, we obtain 



rk(Gi^^) ~ rk{An) /i<^(A„) - /3a; 2 - /3a; 

_ ^^^o,n rHu;{An) - CjUJ jJu^jGn^) - /3a; 

2 cia; -r (3uj fiuj{An) - 

cia; - r /3a; 2 /i<^(A„) - /3a; 
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where we have used fl3.9p in the second step. Combining with fl3.12p . we get 



2a;^ 2 ciUJ — r f3uj iJ,^{An) — l^oo 

cicu-r/3u; 2 ^^{An) - fiu 

If mo,„ > m2,n for all n, then since jJ^ujiGn^) — > 0, we have 



2ix'^ 2 ciw — r/3u; jj,^{An) — /3uj 

2 ij,^{An) - I3u ' CiW-r/Jcu 

2 CiCJ — r puj CiUJ — r puj 

Letting n +oo, we obtain the contradiction < Similarly, if mo,n < 

m2,n for all n, then r — CiU) > by (13. 6 p and (13. 7p . Therefore, 



2uj'^ 2 ciUJ — r f3uj ijL^{An) — l^u 

2 fi^{An) - ' CiU-rPu 

2 CiUJ — r puj CiUJ — r pu 

Again, letting n — +oo, we obtain the contradiction < —uj'^m\/2. □ 

Proposition 3.10. The set of mini-walls is locally finite. More precisely, fix P,u E 
Num(X)Q with u being ample, t = (r, Ci,C2), and I = [a,b] with < a < b. Then 
there exist only finitely many mini-walls of type (t, /3, w) in I . 

Proof. We may assume that (3,u G Num(X). Let u = e~^^~^^^\ and let mo be a 
mini-wall of type (t, (3, u) in I. Then = 0(Zmo(-E)) where E G Tlu^^ (t) 

for some mi & I, E ^ ^u^j (t) for some m2 G /, and A is the leading HN-filtration 
component of E with respect to (Zm2,'Pm2)- So A is (Z^j, P^J-semistable. By 
Lemma [3. 9 [ |rk(y4)| < where N depends only on t, /3, u and /. 

Since 0(Zmo(A)) = 0(Zmo(-^)) s-i^d A destablizes with respect to {Zm2,'Pm2), 



[r ci{A)uo - i]l{A) ciuo) = d{t,(3,u,A) 
{r ci{A)lo - Tk{A) ciUj) > d{i,l3,uj,A). 
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So (r ci{A)ijj — rk(y4) Ciu) ^ 0, and ml is equal to the rational number 

cj^ ■ [r ci{A)uj — rk(y4) ciu) 

To prove that there are only finitely many choices for mo, it suffices to show that 
the positive integer \r ci{A)u — Tk{A) ciU}\ from the denominator is bounded from 
above by a number depending only on t, P, u and /. Since |rk(A)| < A^, it remains 
to prove that there exist Ni and N2 depending only on t, /3, u and I such that 

r Ni < r Ci{A)lo < r N2. (3.13) 

Put B = E/A. Since A,B G A^^^ we see from Lemma 13.61 (i) that 

ci{A)u >rk{A)(3uj, ci{B)u > rk{B) (3uj . (3.14) 

Note that (KW is trivially true if r = 0. If r < 0, then by flXTijl . 

rci{A)u = r ciU — r ci{B)uj > r ciU — r Tk{B) f3ijj 

= r C\bJ — r [r — rk(A)) fiu > r C\bJ — \r\ (|r| + A^) 

In addition, we have rci(y4)ci; < rrk(y4)/3a; < |r| |/3ci;|. Therefore, fl3.13p holds 
for r < 0. Similarly, we see that (13.131) holds for r > as well. □ 

We remark that when J = [a, +00) with a > 0, the proof of Proposition I3.1UI 
does not go through since it is unclear how to bound |2 (i(t, /3, cj, y4)| from above. 

4. Identify and Mu„(t) for m > 

In this section, we will strength Lemma 2.6. We show that there exists a constant 
M depending only on i{E)^uj and /3 such that E G D^{X) is (Zq, PQ)-semistable 
if and only if E is (Z^, Pm)-semistable for some m > M. 

Definition 4.1. \i E ^ D^{X) and P,0J & Nnm{X)^ are fixed, then a constant is 
universal if it depends only on t{E),u and (3. 

Lemma 4.2. Let notations be from Subsect. and let u G Num(X)(Q. If E E 
D^{X) is not {ZQ,Vn)-semistable, then there exists a positive number M , depending 
only on t{E),u) and P, such that E is not {Zm,'Pm)-semistable for all m > M. 

Proof. It suffices to prove the statement for E G ^^((0, 1]) = -^(^^^j- Let 

O^A^E^B^O (4.1) 

be an exact sequence in Vn{{0, 1]) destablizing E such that the object B is {Zq, Vn)- 
semistable. Then (f){Zn{E){m)) > (p{Zn{B){m)) for m > 0. So ([22D holds for 
m > 0. By Lemma ED (i) ,ci{E)-u- rk(E) /3a; > and ci (B) ■ co - rk(5) f3u > 0. 
If ci{E) ■ u — Yk{E) (3cl! = 0, then E is (Zq, PQ)-semistable which contradicts to our 
assumption. So Ci{E) ■ u — Tk{E) f3u > 0. Then, we have 

Ci{E) - co -ik{E) /3uj > 0, Ci{B) ■ tu - ik{B) (3uj > 0. (4.2) 

Now our proof is divided into three cases: Tk{E) = 0, Tk{E) > and Tk{E) < 0. 
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Case 1: rk(^) = 0. Then ci(E) - w > by Since holds for m > 0, we 

have rk(5) > 0. If rk(5) = 0, then ([MD holds for all m > 0. So B destablizes E 
for all m > 0, and we can take M = 1. In the following, we assume that Tk{B) > 0. 
By Lemma \2A\ B is a torsion free /i^^-semistable sheaf with ^ui{B) > fiu. From 
(14. ip . we obtain an exact sequence of sheaves — i- l-L^^A) 'HP{E) — t- i? — )• 0. 
So ik{lHP[E)) > 0. Going backwards, let B to be the HN-filtration quotient of 
n^iE) with smallest /i^-slope. Then, /i^('H°(E)/Tor('Hj'(E))) > fi^{B) and B is 
/i^^-semistable. Since VP{E) e T(u),i3ui), we also have fiu){B) > f3u. Therefore, 

fi^i'H%E)/ToT{'H%E))) > fi^{B) > f3u. (4.3) 

By Lemma 13.51 (i) , we have an exact sequence 0— J-A— j-i?— i-B— J-Oin A^^^ ^^-^ 

which destablizes E in view of (12. 7p (replace B there by B). Hence, replacing B 
in (14. ip by B, we may assume in (14. ip that B = B[0] satisfies: 

fi^{n\E) /Toxin'' (E))) > fi^{B) > Poo. (4.4) 

Note that Tk{H-\E)) = Tk{H^{E)) > 0. Since H^\E) G J^c^,/?^), ^i^{H-\E)) < 
f3u. Since ci('H°(E)) = ci{E) + ci(n-\E)) and ci{E) • w > 0, we have 

/i.(^°(i^;)/Tor(?/°(i5;))) < f^U'H'm^'''^'^'^^^^''' 



Tk{n%E)) 

Combining with (i31), (ci(^) ■ cu + /3a;) > iJuj{B) > /3uj. By Lemma O (ii), 
c(S)/rk(i?) is bounded from below by a universal constant. By (12. 7p . there exists 
a constant M, depending only on t{E),u and /3, such that whenever m > M, 
0(Zf7(i?)(m)) > 0(Zn(-B)(m)) and so E is not (Z^, Pm)-semistable. 

Case 2: rk(E) > 0. Then fx^{E) > (3uj by (i2]), and rk{n°{E)) > 0. Let 
S = Ti^^^E). Assume that £ 0. Then /i^(£^) < /So; since £ G J-'(ui,i3ui)- As in 
Case 1, we can choose the object B in (14. ip to be the HN-filtration quotient of 
IHP^E) with smallest /x^-slope. Then i? is semistable and satisfies (14. 4p . By (14. 4p . 

li.{B) - ^^^{E) < ^^^('^^E))-^,^{E)=^^^^±^^^-^^^{E) 

li^{£) - li^{E) ^ (3uj-n^{E) 



l + rk(E)/rk(£) " 1 + ik{E)/ik{£) 

< ^""f;L^^ <o- (4.5) 

- l + rk(E) ^ ^ 

So fii^{E) > iiu){B) > I3u. By Lemma [32] (ii), c(i?)/rk(i?) is bounded from below 
by a universal constant. Now (12. 7p is equivalent to 

^(/i.(i?) -/x.(E)) < ^ {f^UE)~H - 1^ (/i.(i?) (4.6) 
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In view of the negative upper bound — /i(^(£'))/(l + rk(i?)) for (^fi^^^B) — fj,i^{E)^ 
from (14.51) . there exists a constant M, depending only on t{E),u and /3, such that 
<p{^ZQ^{E){rrij) > 0(Zf7(i?)(m)) whenever m > M. Hence our lemma holds. 

Let S = 0. Then E = 'HP^E) has positive rank. If Tor(i?) contains a 0- 
dimensional subsheaf Q, then Q G ^(^^^) is a proper sub-object of E destablizing 
E with respect to (^m, ^m) for all m > and we are done. If Tor(£') is a 1- 
dimensional torsion, then we can choose B in (14.11) to be the HN-filtration quotient 
of E with smallest /i^^-slope. Now B is yU^^-semistable and satisfies 

Puj < fi^B) < ^.(^/Tor(E)) < fi^{E) - l/rk{E). 

So iiuj{.B) — fLuj{E) < — l/rk(£'). Again c{B)/ik{B) is bounded from below by a 
universal constant. In view of (14. 6p . our lemma holds. In the following, assume 
that Tor(i?) = 0. Let B be the HN-filtration quotient of E with smallest /ij^-slope. 
Then B is /i^^-semistable and satisfies the inequalities fJ^uiiE) > > f3u. If 

fiui{E) > ji^{B), then we can choose the object B in (14. ip such that B = B. Since 
rk(i?) < rk(ii^), the rational number fiuj{B) — fiuj{E) is bounded from above by a 
negative universal constant. Hence in view of (14. 6p . our lemma holds. We are left 
with the case when fiuj{E) = ji^{B), i.e., E = B is /Xt^-semistable with n^j^E) > [iuj. 
We claim that this is impossible. Indeed, we see from (14. ip that A 7^ is a torsion 
free sheaf and sits in the exact sequence 

Q ^H-\B) ^ E ^H^{B) ^Q. (4.7) 

Since (f)(^Z^{E){'m)^ < 0(Zn(A)(m)) for m ^ 0, we see from Remark 12.81 that 

^(/^.(A) - UE)) > ^ if^^iE) - H - iUA) - fiuj) (4.8) 

for m > 0. So /i^(A) > ^i^{E). If ^i^{A) = fi^{E), then holds for all 

m > and our lemma holds by taking M = 1. In the following, assume that 
fi^{A) > fi^{E). Since E is /i^-semistable, B := n-\B) ^ by (gZD- By 
Lemma B is /i^^-semistable with ^^{B) < Puj, and 'UPi^B) is a 0-dimensional 
torsion sheaf. Let Q be the image of the map A ^ E from (14. 7p . Then we have 
two exact sequences of sheaves: 

Q ^ B ^ A^ g (4.9) 
Q-^g ^ E^ H\B) -> 0. (4.10) 

By flCT|) . /i^(^) = ii^{E) < /i^(yl). So ii^{B) > fi^A) by (gl]). However, this 
contradicts to fiuj{B) < f3uj < ft^jiE) < fiuj{A). 

Case 3: rk(E) < 0. Let £ = n-^E). Then fx^{E) < (3u by (Q, and £: ^ is 
torsion free. Assume that rk('H°(-E)) > 0. As in Case 1, we can choose the object 
B in (14. ip to be the HN-filtration quotient of 'HP{E) with smallest /i^j-slope. Then 
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B is /itj-semistable and satisfies (I4.4p . and fJ^cui^) < (3<^ since S G J^{u},i3lu)- By (14.41) . 

fiu^iB) - fi^{E) < /x^CH°(E))-/i^(E) 
_ /i^(g) - /i^(-E) 
rk(?^o(E))/rk(£) 

Tk{S) 



Tk{W{E)) 

ik{E) 



< {(5uj-ii^{E))-{l-ik{E)). (4.11) 

Combining with (14. 4p . we conclude that 

^l^{E) + (/3a; - /i^(E)) • (1 - rk(^)) > ^l^{B) > Pu. (4.12) 

So c(i?) /rk(_B) is bounded from below by a constant depending only on t{E),u 
and /3. Also, fiu;{B) — fiui{E) > f3u — fi^iiE) > 0. Now (12. 7p is equivalent to 

^{UB) - UE)) > ^ iUE) - /3a;) - |^ {^3) - (4.13) 

It follows that there exists a constant M, depending only on t{E),u and /3, such 
that E is not (Z^, 'Pm)-semistable whenever m > M. 

We are left with the case rk('H°(£')) = 0. Assume that either T-L'^^E) is /i^j- 
unstable, or the support of 'H^{E) has dimension 1. Let A be the HN-filtration 
subsheaf of l-i'^^E) with largest /i^-slope. Then A G J^{uj,i3u)) is /ioj-semistable with 
Aia;(^) < /3w- When l-i'^^E) is /i^^-unstable, /iaj(^) > ^uj{'H~^{E)); so /ia;(^) > 
fJ'uj{'H~^ (E)) + (ii for some positive number di depending only on Tk{E) and u. 
When the support of 'H^{E) has dimension 1, we have 

/..(A) > ^.(7/ (E)) = 

> '-^4^-,.iE)- ' 



-ik{E) ' rk{E)' 

In either case, /3a; > fiuj{A) > fiuj{E) + ^2 where d2 is a positive number depending 
only on rk(£') and u. In particular, fiui{A) — fiui{E) > ^2. Since /iaj(-E') < /3a;, we 
see from Lemma [3771 (ii) that c{A)/rk(A) ■ (^fii^(E) — /3a;) is bounded from above 
by a constant depending only on i{E),(xJ and /3. Hence there exists M depending 
only on i{E),u and (3 such that (14. 8 p holds whenever m > M. By Remark 12.81 
</)(Zn(E)(m)) < (f){Zn{A[l]){m)) whenever m> M. By Lemma [33] (ii), v4[l] is a 
proper sub-object of E in ^(^^^j- So A[l] destablizes E whenever m > M. 

Finally, assume that 1-L~^{E) is /i^^-semistable and 'HP{E) is a 0-dimensional 
torsion sheaf. By the exact sequence of sheaves 

U-\A) ^8^B^ n^A) n^E) ^ n^B) O, (4.14) 
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1HP{B) is a 0- dimensional torsion sheaf. Since B destablizes E with respect to 
(Zq, Pq), B can not be a 0- dimensional torsion sheaf. By Lemma B := 1-L~^{B) 
is a torsion free /i^-semistable sheaf with HuoiB) < /3u. Since fiuj{E) = and 
fiuj{B) = UtoiB), (12. 7p is equivalent to 

^[^^^{B)-^^^{£)) < ^ (/..(^) - H - -/3a;). (4.15) 

Since it holds for m > 0, /i^(-B) < fi^{S). If /i^(i3) = fi^{S), then fO^ holds 
for all m > 1; so our lemma is true with M = 1. Let ^ui{B) < fiuj{S). Then 
fj,u}{B) < fiuii^) < P^- Since £ and B are /x^^-semistable, the map £ B m. (I4.14p 
is zero. So we obtain the exact sequence Q ^ B ^1-L^{A) ^ 1-L^{E) 1-L^{B) 0. 
Since 1-L^{A) G T(ui,i3ui), "we get the contradiction 

(3uj < /i^(H°(A)) = fi^B) < (3co. □ 

Lemma 4.3. Let notations be from Subsect. \2.2\ and let u G Num(X)(Q. // an 
object E G D'^{X) is {ZQ,Vn)-semistable, then there exists a positive M, depending 
only on t{E),u} and P, such that E is {Zjn,'Pm)-semistable for all m > M. 

Proof. It suffices to prove the statement for E G ^^((0,1]) = A^^^^ We begin 
with an observation. Consider the set 

W = {w e [1, +oo) I E is {Z^, P^)-unstable}. (4.16) 

If W is empty, then we are done by taking M = 1. Assume that W is nonempty. 
By Lemma 12. 6[ E is {Zm, 'Pm)-semistable for m ^ 0. So for every w G W, we 
can find a maximal destablizing sub-object G A^^^ ^^-j of E with respect to 
(ZujjVw), satisfying the properties listed in Lemma |3.9[ By Lemma 13.91 there 
exists a universal constant (depending only on t{E), /3 and u) such that 

\Tk{A^)\<N. (4.17) 

We need to show that W has a universal upper bound. To show this, it suffices to 
prove that, given any exact sequence in A^^^ j^^y 

O^A^^E^B^^O (4.18) 

where E is {Z^, 'P^)-unstable for some w & W and A^ is the maximal destablizing 
sub-object with respect to {Z^, V^), we can find a constant M > depending only 
on t{E),ijj and (3 such that 0(Zn(v4^)(m)) < (f)(^Zfi{E){m)^ whenever m > M, i.e.. 



(rk(E) Ci(A^)w - rk(A^) Ci{E)uj) 



2 

< c{A^) {ciiE)u - ik{E) /3a;) - c(E) {ci{A^)u - rk(A^) /3a;). (4.19) 

whenever m > M, in view of the discussions in Remark 12.81 So fix such an exact 
sequence f l4.18p . Note that E satisfies Lemma [2.41 (i). (ii) or (iii). In the following, 
our proof is divided into three cases accordingly. 
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Case 1: E satisfies Lemma [2.41 (i). If is a 0-dimensionaI torsion slieaf, tlien 
it is (Zm, Pm)-semistable for all m > 0, contradicting to the nonemptiness of W. 
So E must be a 1-dimensional torsion slieaf, and f l4.19p is simplified to 

( - Tk{A^) ci{E)u) < c{A^) ci{E)uj - c{E) (ci(A^)a; - rk(A^) /3u) (4.20) 

Note from the long exact sequence of cohomology of fl4.18p that is a sheaf and 

^ H-\B^) ^ ^ E ^ n\B^) (4.21) 

is an exact sequence of sheaves. Since fl4.20p holds for m ^ but does not hold for 
m = w, rk{A^) > 0. By fliTTI) . < rk(A^) < A^. Since Tk{n-^{B^)) = rk(A^), 

< rk(n~^{B^)) < N. By the definition of ^(^^^), we have Hu,{A^) > (3uj- So 

ci{A^)uj > rk(A^) ■ (3uj>-N ■ \(3uj\. (4.22) 

Similarly, we have yUcj ('H^^(i?tu)) < f3uj. It follows that 

ci{n-\B^))uj < ik{H-\B^)) ■(3iu<N- \Pu\. 

Note that 'UPi^Byj) is a torsion sheaf. Thus Ci ('H°(-B„,)) > and 

ci{B^)uj = ci{H\B^))uj - ci{H-\B^))u > -c^{H-\B^))uj > -N ■ |/3a;|(4.23) 

Since Ci{A^) = Ci{E) - Ci{B^), we see from and that 

-A^ ■ \(3u\ < ci{A^)u < ci{E)u + N ■ \l3u\. 

So rk(74^), |ci(74^)a;| and |/iLj(^«))| are bounded from above by universal constants. 
Consider the usual HN- filtration of the sheaf A^ with respect to /i^^: 

Tor(A^) = AqC AiC ■■■ C An = A^ 

where n < Tk{Aw) < N. Then ^uii^w) > /^(^(^nMn-i)- By the definition of 
•^luj,M' '^^ ^^^^ ^iui{An/An-i) > /3uj. Hence rk(A„_i), |ci(A„_i)w|, |/i^(y4„_i)| 
and \fii^{An/An-i)\ are bounded from above by universal constants. Similarly, 
using An-i instead of An = A^, we see that rk(y4„_2), |ci(y4„_2)ci;|, \^ui{An-2)\ and 
\fiui{An-i/An-2)\ are bounded from above by universal constants. Repeating this 
process, we conclude that Yk{Ai),\ci{Ai)u\,\fi^{Ai)\ and \fi^{Ai/Ai_i)\, with 1 < 

1 < n, are all bounded from above by a universal constant. Applying Lemma [X71 (ii) 
to the torsion free yUj^-semistable sheaves Ai/Ai_i, we see that all the numbers 
c(Aj/y4j_i), 1 < i < n, are bounded from below by a universal constant. Suppose 
Tor(yliu) 7^ 0. To understand c{Ao) = c(Tot{Aw)), note from f l4.2ip that Toi^Aw) 
does not contain any 0-dimensional subsheaf because E is (Z^, 'Pr2)-semistable, 
Tk{E) = and ci{E) > 0. So Tor(y4^) is a 1-dimensional torsion sheaf. Since 
H^^{Byj) is torsion free, the subsheaf Tor(y4^) of Ayj is mapped injectively into E. 
Therefore, < Ci (Tor(y4^))a; < ci{E)uj. Note that the sheaf injection Tor(Au,) 
Au, is also an injection in ^(^^^-j- So Tor(y4^) is a sub-object of E in By 

the (Zq, PQ)-semistability of E and using (12.70 . we see that c(Tor(A^)) is bounded 
from below by a universal constant. Overall, we have proved that 

c(Ao), c(Ai/Ai_i), 
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with 1 < i < n, are bounded from below by a universal constant. Note from 
dMD that c{A^) = c{Ao) + EILi ^(^iMi-i)- Since n < N, c{A^) is bounded 
from below by a universal constant. Hence c(ylu,)/rk(A^) is bounded from below 
by a universal constant. By f l4.20p . there exists a universal constant M such that 
(j)(^ZQ{Aw){m)^ < (f)(^Zfi{E){'m)^ whenever m > M. 

Case 2: E satisfies Lemma [2.41 (ii). We see from the exact sequence (14.181) that 
Auj is a torsion free sheaf. So (14.191) is equivalent to 

^{UA^) - UE)) < iUE) - M - 1^ (/^^(^-) - M.(4.24) 

Since f l4.24p holds for m but does not hold for m = w,we must have fi^^^Aw) < 
fiuj{E). Since Ay, e -4(^,^^), we get fiuiA^) > f^oj- Thus, f3u < /i^(A^) < /U^(-E). 
By fl4.17p . Tk{Ayj) is bounded from above by a universal number. Hence the neg- 
ative rational number (^^^{A^j) — fi^{E)) has a universal negative upper bound. 
Next, consider the HN-filtration of the torsion free sheaf A^ with respect to 

= Ao c Ai c ■ ■ ■ C An = Ay,. 

Since rk(A^(,), |ci(^iu)a;| and |/x^(v4^)| are bounded from above by universal con- 
stants, the same argument as in the previous paragraph proves that c{Aw) /Tk{Ayj) 
is bounded from below by a universal constant. By f l4.24p . there exists a universal 
constant M such that (f)(^Zfi{Aw){m)) < 0(Zn(£')(m)) whenever m > M. 

Case 3: E satisfies Lemma [2.41 (iii). Note that f l4.19p is equivalent to 

^— (rk(^) Ci{By,)uj - rk(5^) Ci{E)co) 

> c{By,) (ci {E)u - rk(E) (3uj) - c{E) (ci - rk(5^) (3uj) . (4.25) 

Since 'UPi^E) is a 0-dimensional torsion sheaf, so is l-i^^By,). Put B = l-i^^{By,). 
Since (I4.25P holds for m ^ but does not hold for m = w, By, can not be a 
0-dimensional torsion sheaf. In particular. By, ^ Ti^i^By,). So B 0. Note that B 
is torsion free. Now the inequality (I4.25P is equivalent to 

^(/..(i3) -/..(E)) > ^ i^.-^^iE)) - (4-26) 

Since (I4.26P holds for m ^ but does not hold for m = w, fi^ii^) > f^ui{E). Since 
E,By, E ^((^^.), we have n^{E) , n^{Byj) < /3uj by Lemma 13^ (i). Thus, 

Pu>fi^iB)>fiUE). (4.27) 

By (I4.17p . |rk(A^t,)| is bounded from above by a universal constant. So 

rk(i3) = |rk(5^)| < |rk(E)| + |rk(A^)| 

is bounded from above by a universal constant. Thus the positive rational number 
(yU(^(i3) — fiuj{E)) has a universal positive lower bound. In view of (I4.26p . to prove 
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our lemma, it remains to show that there exists a universal constant N such that 

1m - 

Since 'HP{Byj) is a 0-dimensional torsion sheaf, we have 

s 

c{B^) = -c{B) - ch,{n%B^)) < -c{B) = -J2c{B,) 

i=l 

where Bi,...,Bs are the usual HN- filtration quotients of B with respect to fi^ 
satisfying fi^{Bi) > ... > ^t^{Bs). To prove fl4.28p . it suffices to show that each 
c{B.i) jikiBi) is bounded from below by a universal constant. 

Finally, we analyze Bi. Since B = 'H'^i^Bw) G J^(uj,i3uj), we see from the definition 
of J^{u,(3ui) that Bi e J^{u,(3uj) and fXcu{Bi) < (3uj. Let £ = 1-L~^{E). Let F (respec- 
tively, Q) be the image (respectively, cokernel) of the map £ ^ B induced from 
f l4.18p . Combining the map £ ^ B with the surjection B — )■ Bg, we obtain a map 
f : £ ^ Bs- Let J-" be the image of /. If J-" = 0, then we get an induced surjection 
Q = B/J^ — Bs- Since B.om(T(ui,i3uj) , J^{u;,i3ui)) = 0, this is impossible by Lemma 
(note that there exists an exact sequence of sheaves — t- ^ — t- 'H°(v4^) — )• Q — )■ 
where Q is a subsheaf of the 0-dimensional torsion sheaf 'HP{E)). Thus, J-" 7^ 0. 
Since £ and Bg are /^t^-semistable, [iu:{£) < fJ^uiJ^) < l^uiiBg). Therefore, we obtain 
fiuj{E) = fiuj{£) < fJ-uiiBi) < f3u for every i = 1, . . . , s. By Lemma 13.71 (ii), each 
c{Bi) /Tk{Bi) is bounded from below by a universal constant. □ 

Theorem 4.4. Let notations be from Subsect. \2.iA and let u G Num(X)Q. Fix a 
type t = (r, ci,C2). Then there exists a positive number M, depending only on t, a; 
and (3, such that Mu„(t) = Mn{i) for all m>M. 

Proof. Follows immediately from Lemma 14.21 and Lemma 14. 3[ □ 

Theorem 4.5. Let P,uj E Num(X)Q with 00 being ample, and let t = (r, ci,C2). 

(i) The set of mini-walls of type {t,f3,u) in (0, -|-cxd) is locally finite. 

(ii) There exists a positive number M, depending only on t,u! and (3, such that 
there is no mini-wall of type (t, Z?,!^) in [M, +00). 

Proof. Part (i) is Proposition [SAOl To prove (ii), let u = e'^^^''^^ and M = 1 + M 
where M is the positive number from Theorem 14.41 If is a mini-wall of type 
(t, /3,ci;) in / = [M, +00), then by definition, 0(Zmo(^)) = 0(^mo(-£')) where 
E E 2tu„-^ (t) for some mi E I, E ^ ^Jlu^^ (t) for some m2 E I, and A is the 
leading HN- filtration component of E with respect to {2^2, 'Pm2)- In particular, 
^u,„-^ (t) 7^ ^u™,2 (t)- This contradicts to Theorem l4. 41 since mi,m2 > M > M. □ 

Corollary 4.6. Let /3,uj E Num(X)Q with u being ample. Fix a numerical type t = 
(r, ci, C2) and an interval I = [a, -\-oo) with a > 0. Then there exists a finite subset 
{ml^\ . . . ,ml^^} C /, possibly empty, such that 9Jlu„^ (t) = whenever mi 

and m2 are contained in the same connected component of I — {^o^"*, • • • , '^o"''}- 
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Proof. Let M be from Theorem 14.51 (ii). If M < a, then the result is true by 
Theorem 14. 51 (ii) and Lemma 1^7^ If M > a, then let {m^o \ . . . , m^f^~^^} be the finite 
set of mini- walls of type (t, /3, oo) in [a, M]. Letting m^^^^ = M, we are done. □ 

5. Identify 971^(1) with Gieseker and Uhlenbeck moduli spaces 

Fix a numerical type t = (r, ci, C2). We want to compare the spaces 37tn(t) with 
the Gieseker/Simpson and Uhlenbeck spaces where fl comes from Subsect. 12. 2[ In 
view of Lemma 12.101 and Lemma 12.111 we will assume that r 7^ 0. The results 
here are similar to those in Sect. 5 of |LQ which only considered objects E & A'' 



p 



for those stability data f2 = {u,p,p,U) such that p = {po, pi, P2) satisfies </'(po) 7^ 
4>{~P2)- In the present case, we have 0(po) = 0(— P2) since po = —1 and p2 = 1/2. 
Moreover, we will study objects E G ^^((0, 1]) = A^^^ instead of objects E & A^ 

by noticing that the abelian categories -^.^^^^-j and A^ are different. 

Lemma 5.1. Let Q = {u,p,p,U) be from Subsect. \2.2[ Fix a numerical type 
t = (r, ci, C2) with r > and Ciu/r > f3ijj. Assume that uj lies in a chamber of type 
i. Then, every object in Tl^ii) is {ZQ,Vn)- stable, and 07tn(t) = 

Proof. Let E G Tlfi{t). By Lemma [2^ is a /x^j-semistable sheaf. Since oj lies in 
a chamber of type t, E must be p^^-stable. In particular, E G Tl^{t). 

Conversely, let E G VJt^^t). Then E is /ia;-stable since u lies in a chamber of 
type t. Since Pui{E) = ciu/r > f3ijj, E G Vn{{0, 1]) = A^^^ Let A be any proper 
sub-object of E in ^^((0, 1]), and let B = E/A. Then we have the exact sequence 
0— )-y4— T-i?— T-i?— T-Oin Vn{{0, 1]). So A is a sheaf in T[uj,i3u) and sits in 

^ n-\B) ^A^E^ n^{B) 0. 

It follows that A is torsion free with p^{A) > (3u. If n-^{B) ^ 0, then n-^{B) G 
^(u],l3u))- So pu){H~^{B)) < f3u < Pu)(yA). Thus the image Q of A ^ E is not 
zero. Since E is p^-stable, we conclude that Puj{A) < Pu){G) < Puj{E). By (12.71) . 
^{Zn{E){m)) > 4>{Zn{A){m)) for all m > 0. If n-\B) = 0, then we have an 
exact sequence 0-^A^E^B^Oof sheaves. Since A is a proper subsheaf 
of E, pui{A) < p^{E). So again 0(Zn(-E)(m)) > 0(Zn(y4)(m)) for all m > 0. 
Therefore, E is (Z^, Pn)-stable. In particular, E G 97tn(t). □ 

Lemma 5.2. Let Vt = {u),p,p,U) be from Subsect. \2.2[ Fix a numerical type 
t = (r, ci, C2) with r < and ciu/r < Puj. Assume that u lies in a chamber of type 
t. Let t = (— r, ci,cf — C2). Then, every object in VJUn^t) is {Zq,Vq)- stable, and 
E G Mnit) if and only if E = (^)^[1] for some E G M^(t). 

Proof Let E G mn{t). Then, (ci(E) ■ to - ik{E) (3uj) = ciu - r(3u > 0. By (l23il . 
0(Zn(£')(m)) < 1 for all m > 0. So E does not have any sub-objects in ^^((0, 1]) 
which are 0-dimensional torsion sheaves. By Lemma [2.41 'Hr^i^E) is a torsion free 
yU^-stable sheaf and ^^{E) is a 0-dimensional torsion sheaf. Note that ^"^{E) must 
be locally free (otherwise, the 0-dimensional torsion sheaf {T-i'^{E)Y* /'Hr^{E) 
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would be a sub-object of E in Pn((0, 1])). By the Lemma 3.4 in |XBL[ . E = {Ey[l] 
for some torsion free sheaf E. A direct computation shows that t{E) = t. Since 
(E)* = T-L~^{E) is /ioj-stable, so is E. In particular, E G 97t^(t). 

Conversely, let E = iEy[l] for some E E M^(l). Then n^{E) = £xt^{E,Ox) 
is a 0-dimensional torsion sheaf, and l-i~^{E) = (E)* is locally free and /Xoj-stable 
with fiu:{{Ey) = (-Ci)u;/(-r) < fSu. So E e Vn{{0,l])- Let A be any proper 
sub-object of E in Vn{{0, 1]), and let i? = E'/A. Then we have the exact sequence 
0— T-A— T-i?— 7-5— )-Oin Vn{{0, 1]) and an exact sequence of sheaves 

^ n-\A) {EY n-\B) n^A) v,\e) n\B) o. (5.1) 

Let J-' and Q be the image and cokernel of {Ey — )■ l-i^^^B) respectively. 

We claim that A does not have any sub-object Q in ^^((0,1]) which is a 0- 
dimensional torsion sheaf. Indeed, if such a Q exists, then Q is a sub-object of 
E = {Ey[l] in Pq((0, 1]). In particular, there exists a point x E X such that Ox 
is a sub-object oi E = {Ey[l] in ^^((0, 1]). This leads to a contradiction: 

^ Homp,((o,i])(a.,(^)11]) = Hom^.(^)(E[-l],0^) 

= Hom^,.(x)(^[-l], a[-2]) = Ext-i^(^)(E, O,) = (5.2) 

where we have used the fact that O^, the derived dual of O^, is equal to 2]. 

If H'^IA) = 0, then A is a sheaf in T(uj.i3lu)- If A is a 1-dimensional torsion sheaf, 
then we see from (12.71) that (^(ZQ(_E')(m)) > (f)[ZQ{A){m)) for all m 0. Assume 
that A is not a 1-dimensional torsion sheaf. By the preceding paragraph, A can 
not be a 0-dimensional torsion sheaf. So rk(A) > and fJ,u){A) > f3uj > /x^((i?)*) = 
fi^E). By ([22D, ^{Zn{E){m)) > 0(Zn(A)(m)) for all m > 0. 

If B := Ti^^i^B) = 0, then i? is a 0-dimensional torsion sheaf and 0(ZQ(i?)(m)) = 
1 for all m > 0. By ([23]), (f){Zn{E){m)) < (j){Za{B){m)) for all m > 0. 

In the following, assume that Ti'^^A) ^ and B 0. Then B e J^{uj,i3u)) is 
torsion free with fiuj{B) < [3(jJ. If J-" = 0, then > fiuj{B) = /ia;('H°(A)) since 
'H^{A)/B is a subsheaf of the 0-dimensional torsion sheaf 'H^{E). This contradicts 
to 'HP {A) G T[uj,i3uj)- Assume that 7^ 0. Then is a proper quotient of [Ey . 
Since {Ey is /i^-stable, ^^^(^{Ey) < jiuji,^)- If rk(^) = 0, then we see from 
the exact sequence 0— t-J-"— J-i?— j-O that ji^^iB) > fiu){J^) > /Uw((-S)*); 
if rk(^) > 0, then /i^(^) = yU^(?/°(A)) > f3uj since 'H°{A)/g is a subsheaf of 
n'^iE). Since /x^(i3) < A^, we have i2^{g) > ^i^{B) > /i^(J^) > i2^{{Ey). In 
either case, /i^(i3) > /i^((^)*). Hence /i^(5) > ^,(E). By (gZD, 0(^n(^)(m)) < 
0(Zn(i?)(m)) for all m ^ 0. This proves that E is (Zq, 'PQ)-stable. □ 

Lemma 5.3. Let Q = {u,p,p,U) be from Subsect. \2.2[ Fix a numerical type 
t = (r, Ci, C2) with r < and Ciu/r = (5uj. Let u lie in a chamber of type t. 

(i) If E E 9Jtaj(— r, ci, — (c2 + «)) for some i > and Q is a length-i 0- 
dimensional torsion sheaf, then (i?)*[l] © Q G fX)Tn(t). 
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(ii) If E E njtn(t), then E is S -equivalent to © Q where Q is a length-i 

^-dimensional torsion sheaf and E G 97t^(— r, Ci, c\ — (c2 + i)). 

Proof, (i) Recall from Definition 12.91 (iv) that E is locally free. Note that the 
numerical type of (^)*[1] © Q is t, and Q G Pn((0, 1]) = with 

</.(Zo((^)*[l])(m)) = 0(Zo(Q)(m)) = 1 

for all m > 0. Also, Q is (Zj^, Pn)-semistable. A slight modification of the proof of 
LemmalElshows that (^)*[1] is (Z^, V^Y^ifMe as well. It follows that ®Q 
is (Zn,pQ)-semistable. Therefore, we have ®Q e ^n(t)- 

(ii) Let E e Since ciw/r = (3u, (j){Zn{E){m)) = 1 for all m > 0. By 

Lemma [2.4^ 'HP{E) is a 0-dimensional torsion sheaf, and 'H~'^{E) is a torsion free 
/^tj-stable sheaf. From the exact sequence — )■ l-i~^{E)[V\ E ^ 'UPi^E) — )■ in 
Pq((0, 1]), we see that E is ^-equivalent to 'H-^{E)[l] © Thus to prove 

our result, we may assume that ii^ = y4[l] for some torsion free /ij^-stable sheaf A 
with = /Si^- We have the canonical exact sequence — )■ A — )■ A** ^ Q — )■ 

where Q is a 0-dimensional torsion sheaf. It gives rise to an exact sequence 

o^g^ A[i] ^ A**[i\ ^0 

in Pf7((0, 1]). Hence E = A[l] is 5-equivalent to A**[l] © Q. □ 

Theorem 5.4. Let Q = {uj,p,p,U) be from Subsect. Fix a numerical type 
t = (r, ci, C2). Let i = (— r, Ci, cf — C2). Assume that u lies in a chamber of type t. 

(i) //r > 0, then Mn(t) = M^(t). _ _ 

(ii) //r < and au/r < l3u, then 9Jln(t) = ^1^(1). 

(iii) //r < and Ciu/r = /Su, then Mn(t) = il^(t). 

Proof. Follows from Lemma \5.1\ Lemma [5.21 and Lemma [5.31 Note that in (iii), if 
E e Mn(t) is ^-equivalent to (^)*[1] © Q where E G 9H<^(-r, ci, cj - (c2 + i)) for 
some i > and Q is a length-i 0-dimensional torsion sheaf, then we map E to 

(e, J2h%X,Q,)-x] 

\ xex / 

in m^{-r, ci, c? - (C2 + 0) X Sym^X) C iL(t) (see (^J^). □ 
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